Barrabés et al. [Physica D, 241(4), 333-349, 2012] consider the problem of the hydrogen atom interacting with a circularly polarized microwave field modeled as a planar perturbed Kepler problem. For different values of the parameter, the authors offer some numerical evidence of the non-integrability of this problem. The objective of the present work is to give an analytical proof of the 1 non-integrability of this problem for any value of the parameter using the averaging theory as a main tool. 
Introduction
Barrabés et al. study [1] the dynamics of the hydrogen atom under the effects of a circularly polarized microwave field, through the use of a model coming from the celestial mechanics, as a planar perturbed Kepler problem for some particular cases of the parameter.
In the long and well written introduction of [1] the importance of this mechanic system is stated, so we do not go further into this point and we refer the reader to that paper and the references therein. Nevertheless, for this model, we underline the dynamical consequences of a possible non-integrability like chaotic movements for some trajectories of the system and certain dynamical complexity given by the exhibition of a variety of phenomena that remain poorly understood.
Thus, our objective in this paper is to prove in an analytical way the 1 non-integrability of this problem for any value of the parameter. In [1] only some numerical evidence of this fact were presented for some particular values of the parameter. This result open the door for other studies focused on trying to understand the chaotic behavior of this system. The analysis of the smooth integrability of a Hamiltonian system is an important problem from the dynamical point of view to understand the behavior of a system. After consulting the authors of [1] , and as far as we know, an analytical proof of the 1 non-integrability of this problem has not been given yet. We present an analytical proof using methods coming from the averaging theory for studying periodic orbits of dynamical systems, see [6] . In this setting, for studying the 1 non-integrability of a Hamiltonian system it is enough to find the non-degenerated isolated periodic orbits of the system and to apply the non-integrability criteria that we present in the Appendix. Note that periodic orbits in Hamiltonian problems are not isolated but when the energy level is fixed, then isolated periodic orbits can be found (in fact the intersection between each family with the given energy level).
The paper is structured as follows. In Section 2 we present a more general family of Hamiltonian systems that contain as a particular case the model for the hydrogen atom. Auxiliary results and reductions, for this family of systems, are presented in this section. This helps us to state our main objective on the 1 non-integrability of the hydrogen atom under the effect of a circularly polarized microwave field in Section 3. In the Appendix we present all the tools coming from the averaging theory needed to prove our main result.
A more general frame
In this section we present some results for a more general family of systems which contain as a particular case the system that models the behavior of the hydrogen atom interacting with a circularly polarized microwave field.
The following Hamiltonian = 1 2
(1) describes the dynamics of a rotating Kepler problem under the effect of a homogeneous polynomial forced field . Note that for there is no restrictions on its degree which represents the index of rotation of the Kepler problem. For the case of constant the problem is integrable. When considering equal to K Q 1 , where K is a non-zero real parameter, the system models the behavior of the hydrogen atom under the effects of a circularly polarized microwave field.
To avoid the difficulties due to collisions, the Levi-Civita regularization is performed as follows. We do a change of variables in the positions given by 
Note that the choice of working with negative energy levels is a restriction given by us for obtaining the morphology of in an oscillator form with all positive members in order to prove our objective of non-integrability. Furthermore, we recall that in the classical literature on perturbed Kepler problems the negative energy levels are linked to bounded periodic orbits setting a nicer working environment. The case of positive energy levels under the effect of a certain perturbation is an interesting line of research where unbounded orbits appears from a dynamical point of view. We rescale (3) by means of (
order to obtain a perturbed problem where we could apply the averaging theory.
We do that, in the standard way, via the introduction of a small parameter ε which allows us to study the dynamics of the perturbed system in a small neighborhood of the point (0 0). Note that if we find a periodic orbit for the perturbed system it can be continuously extended to a periodic orbit of the initial system.
The idea is to use the averaging method to first-order to compute isolated periodic orbits, see Appendix. One of the main difficulties in the application of the averaging method is to express the system in the normal form as stated in the Appendix. The use of proper variables in each concrete situation can simplify this process a lot .
In particular, in the present paper we shall use Lissajous canonical variables introduced by Deprit [4] to obtain information on the existence of non-degenerated isolated periodic orbits for the system.
The Lissajous variables are defined by means of the following canonical transformation λ :
Reg is given by
where 1 ( L G) is the pullback of the transformation (4) with the perturbed polynomial
Remark 2.1.
In order to state the relations between the different Hamiltonians introduced and their respective energies, we underline that given the Hamiltonian , we consider the Hamiltonian * with the energy < 0 of fixed. We obtain the form (2) 
The previous result states that in each positive energy level there exists at least one isolated periodic orbit. We note that we shall use this information as a key point to prove our main objective of this paper: the 1 nonintegrability of the model in the sense of Liouville-Arnold which describes the behavior of a hydrogen atom under the effect of a circularly polarized microwave field perturbed by a homogeneous polynomial potential.
Proof of Theorem 2.1
The equations of the motion of the Hamiltonian
In the domain of the Lissajous variables, by means of a change of variable, we obtain
∂L
We shall use the classical isoenergetic reduction, see Whittaker [7] for more details, to obtain the following instrumental result.
Lemma 2.1.
For ε = 0 sufficiently small and fixed energy level 1 > 0 of 1 the previous differential equations are reduced to
with
Proof. After fixing > 0 in the Hamiltonian 1 , we obtain
and if we put L = 0 + (ε) by the Implicit Function Theorem we obtain 0 = Using the last relations and expanding to first order in the small parameter ε the second members of the equations (6), we obtain the results of the proposition. Now, Lemma 2.1 allows us to transform the equations of motion of a Kepler problem under the effect of a weak homogeneous polynomial potential into the proper normal form for applying the averaging method. Thus, the firstorder averaged system is
In this setting, the proof of Theorem 2.1 is a direct consequence of the application of the first-order averaging method described in the Appendix (see Theorem 6) and the proof is over.
Periodic orbits and C
1 nonintegrability of a hydrogen atom in a circularly polarized microwave field
The Hamiltonian of a hydrogen atom in a circularly polarized microwave field is given by the following formula = 1 2
with K a non zero real parameter By the methods showed in Section 2 for a more general family of systems, this Hamiltonian is transformed into
with ε a small parameter. The function 1 in Deprit canonical variables is given by
Fixing = 1 > 0 for the Hamiltonian 1 , which is written in Lissajous variables, and averaging over the fast variable we obtain the following system
Note that we choose positive energy levels for 1 because they are linked with the oscillator form with all their terms positive in the first part of .
The following result is obtained using Theorem 2.1 as a main tool.
Proposition 3.1.

For a fixed energy level > 0 the Hamiltonian of a hydrogen atom in a circularly polarized microwave field has, at least, four isolated periodic orbits.
Proof 
Using this fact as a key tool, we can proove the main result of the paper. Appendix A
Now we shall present the basic results from averaging theory that we need for proving the results of this paper.
In the first part we described the main tools from the averaging theory for ending with some classical results on integrability for systems with two-degrees of freedom.
The next theorem provides a first-order approximation for the periodic solutions of a periodic differential system, for the proof see Theorems 11.5 and 11.6 of Verhulst [6] .
Consider the differential equatioṅ
with ∈ D ⊂ R ≥ 0. Moreover we assume that Theorem A.1.
Consider the two initial value problems (A1) and (A2).
Suppose: is given by the stability or instability of the singular point of the averaged system (A2). In fact, the singular point has the stability behavior of the Poincaré map associated to the limit cycle ( ε).
In the sequel we use the idea of the proof of Theorem A.1(c). For more details see sections 6.3 and 11.8 of [6] . Suppose that ( ε) is a periodic solution of (A1) corresponding to = a singular point of the averaged equation (A2). We linearize the equation (A1) in a neighborhood of the periodic solution ( ε) obtaining a linear equation with T periodic coefficientṡ
We define the T -periodic matrix
A( ε) = B( ). We shall use the matrices
Note that B 1 is the matrix of the linearized averaged equation. The matrix C ( ) is T periodic and it has average zero. The near-identity transformation
allows us to writte the equation (A3) aṡ
Remark A.1.
We note that A( ε) − B( ) → 0 as ε → 0, and also that the characteristic exponents of equation (A5) depend continuously on the small parameter ε. It follows that, for ε sufficiently small, if the determinant of B 1 is not zero, then 0 is not an eigenvalue of the matrix B 1 and then it is not a characteristic exponent of (A5). By the near-identity transformation we obtain that system (A3) does not have multipliers equal to 1.
We shall summarize some facts on the Liouville-Arnold integrability theory for Hamiltonian systems and on the theory of periodic orbits of differential equations, for more details see [2] and subsection 7.1.2 of [3] , respectively. We present these results for Hamiltonian systems of two degrees of freedom, because they adjust to the study presented in this paper associated to a perturbed planar Kepler problem under a Newtonian force field, but we remark that these results also work for an arbitrary number of degrees of freedom.
A Hamiltonian system with Hamiltonian of two degrees of freedom is called integrable in the sense of LiouvilleArnold if it has a first integral independent of (i.e. the gradient vectors of and are independent in all the points of the phase space except perhaps in a set of zero Lebesgue measure), and in involution with (i.e. the Poisson bracket of and is zero).
For Hamiltonian systems with two degrees of freedom the involution condition is redundant, since is a first integral of the Hamiltonian system the mentioned Poisson bracket is always zero.
Finally, a flow defined on a subspace of the phase space is complete if its solutions are defined for all time.
Now we are ready for stating the Liouville-Arnold's Theorem restricted to Hamiltonian systems of two degrees of freedom.
Theorem A.2 (Liouville-Arnold).
Suppose 
The main goal of this result is to connect the components of the invariant sets associated, which are generically submanifolds of the phase space, with the two independent first integrals in involution and if the flow on them is complete then they are diffeomorphic to a torus, a cylinder or a plane, where the flow is conjugated to a linear one.
Using the notation of the previous Theorem when a connected component I * is diffeomorphic to a torus, either all orbits on this torus are periodic if the rotation number associated to this torus is rational, or they are quasi-periodic (i.e. every orbit is dense in the torus) if the rotation number associated to this torus is not rational.
For an autonomous differential system, one of the multipliers is always 1, and its corresponding eigenvector is tangent to the periodic orbit.
A periodic orbit of an autonomous Hamiltonian system always has two multipliers equal to one. One multiplier is 1 because the Hamiltonian system is autonomous, and the other has again value 1 due to the existence of the first integral given by the Hamiltonian.
Theorem A.3 (Poincaré).
If a Hamiltonian system with two degrees of freedom and Hamiltonian H is Liouville-Arnold integrable, and G is a second first integral such that the gradients of H and G
are linearly independent at each point of a periodic orbit of the system, then all the multipliers of this periodic orbit are equal to 1. Theorem A.3 is due to Poincaré [5] . It gives us a tool to study the non Liouville-Arnold integrability, independently of the class of differentiability of the second first integral. The main problem for applying this result in a negative way is to find periodic orbits having multipliers different from 1.
